Three-phase equilibrium in argon was obtained based on the thermodynamics of a perfect solid and a perfect liquid (v2). The equation of state (EOS) for a perfect solid was obtained from our previous study of a pure substance using spherical molecules. The EOS for a perfect liquid is a van der Waals EOS with the Carnahan-Starling repulsion term to explain 3-phase equilibrium. The Lennard-Jones parameters for argon are applied to these EOSs. The pressure-volumetemperature relations on the equilibrium lines are comparable with experimental and molecular simulation results. The thermodynamic properties under low pressures have reasonable temperature dependences.
Introduction
The phase transition of pure substances is a basic problem in thermodynamics [1] . The perfect (ideal) gas is an established ideal state to express the equation of state (EOS) for a perfect gas [1] . The phase equilibrium condition is expressed by Gibbs energy; therefore, EOS is the most powerful tool to study phase transition [1] . The EOS for a perfect solid obtained by our previous study [2] and the van der Waals EOS were applied to 3-phase equilibrium in argon [3] .
Molecular interaction of the Lennard-Jones form [1] is assumed for the present spherical molecules. The Lennard-Jones potential, u(r), is expressed as a function of the interatomic distance, r: 12 6 ( ) 4 , u r r r
where ε is the depth of the potential well and σ is the separation at which u(σ)=0. The ε and σ constants are used as the units of energy and length, respectively.
The primitive internal energy EOS for a perfect solid, v0
EOS, is the sum of the thermally averaged kinetic energy and the potential energy of the nearest neighbors in a face-centered cubic (FCC) solid at 0 K [2] . The extended internal energy EOS for a perfect solid (v1) includes a long-range effect in the low density region as the internal energy in the van der Waals EOS [4, 5] . The pressure EOS is given as the volume derivative of the potential energy at 0 K to satisfy the EOS in thermodynamics.
The temperature effect in the virial term [6] is included in the extended pressure EOS (v1) [2] .
The van der Waals EOS [1] is modified using the CarnahanStarling repulsion term [7] in the present study, because the original van der Waals EOS has the simplest 1-D repulsion term. This EOS is referred to as the perfect liquid EOS (v2). Table 1 summarizes the EOSs (v0-v2) and the details will be described in the following sections. The volume and temperature dependence of entropy are obtained using standard thermodynamic calculations in the EOSs. The origin of entropy in a perfect solid is also used in a perfect liquid; in this way, the Gibbs energy of a perfect liquid will be expressed in a simple form. The Gibbs energies per molecule of a perfect solid and liquid should provide reasonable pressure-volume-temperature (p-V-T) relations on the equilibrium lines of argon that are comparable with the experimental [8] [9] [10] [11] and simulation [12] [13] [14] [15] [16] [17] [18] [19] results. Thermodynamic properties under low pressures will be shown to have reasonable temperature dependency.
Perfect solid
The extended EOS for a perfect solid is expressed for a state with volume, V, and temperature, T; the most important term in the internal energy is the potential energy of the FCC solid at 0 K:
where N is the number of molecules in the system and v is the volume per molecule. This form is obtained by the nearest neighbor approximation of the Lennard-Jones system. The structure of a perfect solid can be expanded or compressed uni-
formly. This type of potential energy defines the v0 EOS.
The potential energy at 0 K is modified to express the low density limit in a better approximation in v1 EOS. The following weight functions are assumed in the low and high density regions:
The following long-and short-range force effects on the potential energy are assumed:
The long-range effect is the internal energy in the van der Waals EOS [4, 5] . The potential energy in the present EOS (v2) is expressed as:
where the f e factor (>1) is introduced to include the long range effects in the crystal.
The internal energy of the extended EOS for a perfect solid is the sum of the thermally averaged kinetic energy and the potential energy:
where k is the Boltzmann constant.
The extended pressure EOS for a perfect solid is given as:
.
The last term is obtained from a harmonic approximation of the following virial expression for the pressure [6] :
This form of eq. (7) satisfies the thermodynamic EOS [1] :
The entropy change by a reversible process can be obtained by standard thermodynamics with these EOSs: 
The starting point is selected as V i =Nv max , T i =ε/k, where
The S 0 constant is defined as:
The p-V-T relation of v1 EOS for a perfect solid is very similar to that of the van der Waals EOS. The solid-gas critical point is obtained by a plot of ( ) 
Perfect liquid
The van der Waals EOS with the Carnahan-Starling repulsion term [7] for a perfect liquid (v2) has the following form, which includes suitable constants, a and σ HS : ( ) where a is the van der Waals coefficient and η is the packing fraction.
The internal energy of the van der Waals EOS is expressed as follows [4, 5] :
The change of entropy for the reversible process is calculated according to [7] :
Here, the S 0 constant is the same as that in eq. (11) and is selected as the origin of entropy in the present numerical calculation:
The entropy of a perfect gas is also expressed for the case of η = 0 in eq. (16):
The origin of potential energy is selected as zero when there is no interaction in either the solid or liquid phases. The Gibbs energy, G, is obtained by the standard thermodynamic procedure:
The liquid-gas critical points are obtained by a plot of ( ) 02 .
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This set of parameters can reproduce the triple point, as
shown in Figure 1 and Table 2 . The Lennard-Jones parameters for argon [1] are given in Table 3 . These tables indicate that the van der Waals coefficients in eq. (21) provide reasonable critical points with respect to the experimental results for argon, as shown in Table 4 .
Phase equilibrium in the (T-p) space
The condition of the phase equilibrium between phases 1 and 2
in the (T-p) space is expressed as:
The EOSs are known as functions of volume and temperature, so that this equation can be solved numerically [2, 3] . An example of this is shown in Figure 1 This is also the liquid-gas and solid-gas transition point, as
shown in Figure 1 . The gas-phase is most stable in the lowest pressure region; therefore, the solid phase will be realized if the pressure is increased sufficiently at this temperature. The temperature T = 0.75 ε/k is the triple point.
The transition pressure is plotted as a function of temperature in Figure 2 and compared with the experimental [8] [9] [10] [11] and simulation [12] [13] [14] [15] [16] [17] [18] [19] Comparison of the EOS, experimental [8] [9] [10] , and simulation [12] [13] [14] [15] [16] [17] [18] [19] results. tion is performed on an 864-particle system using a standard NTP ensemble [6] .
The internal energy is plotted in Figure 10 Figure 12 for completeness and the entropy per molecule is described in 
Numerical calculation
Several worksheets are prepared to perform the numerical calculation, as shown in Table 5 . Thermodynamic quantities are calculated as functions of v = V/N and T using worksheet functions, and a plot such as that shown in Figure 1 is obtained.
Pressure and its derivative dp/d v at a constant temperature are calculated using the second and third worksheets in Table 5 .
The equation p ( v ,T)=p 0 is solved with respect to volume for a given temperature and pressure, p 0 , using Goal Seek in Microsoft Excel in the fourth worksheet. These worksheets are available on request to the author (YK). Practical methods for the numerical calculations and the related files will be published elsewhere [20] . 
Conclusions
The phase transitions in the three phases of argon are well reproduced by EOSs for a perfect solid and liquid v2. The potential energy for argon can be expressed by the Lennard-Jones pair potential. For this reason, the Lennard-Jones potential parameters, ε and σ, are not adjustable parameters. Only the van der Waals coefficient, a, the diameter of a hard sphere, σ HS , and the f e factor in the potential energy of the solid are adjustable parameters in the present EOS v2. It is expected that the optimization of these parameters will provide better results that are comparable with the experimentally observed results. The EOS for a perfect solid has a simple analytic form. The van der Waals EOS with the Carnahan-Staring repulsion term is also easily understood. The set of these EOSs is expected to be employed for thermodynamic education in physical chemistry.
